We point out that the vector meson S first proposed by Weyl on the basis of scale invariance is a candidate for dark matter.
Let g µν be the metric tensor. Then the distance between two neighboring space-time points is ds 2 = g µν dx µ dx ν .
Let us change the scale of distance globally, e.g., changing the unit of length from the centimeter to the inch for every point in space. With this change, the distance remains the same, but is measured in a different unit. This can be done by changing the metric tensor from g µν to g ′ µν , where
with Λ a constant. Then we have
where
Thus, with the transformation (1), the numerical value of the distance between two given points change by a constant multiple. Since g µν is the inverse of g µν , we have from (1) that
We also have from (1) that
where | g | is the determinant of the matrix g µν . It is to be noted that many field theories found useful today are globally scale invariant. To see this, we first mention that the action is given by
where L is the Lagrangian density. By (3), the action is invariant under global scale transformations provided that
Consider the theory of a massless scalar field φ with a φ 4 coupling. The Lagrangian of this theory is given by
where λ is the quartic coupling constant. By (2), the Lagrangian of (5) satisfies (4) provided that
Next consider the Lagrangion density of the electromagnetic field A µ
By (2), this Lagrangian density satisfies (4) provided that
The Yang-Mills theory is also invariant under global scale transformations. This is because
is invariant under global scale transformations provided that
where W a µ is the Yang-Mills gauge meson, g is a dimensionless coupling constant, and f abc is the structure constant of the gauge group. The Lagrangian for the electron field Ψ coupling with the electromagetic field and the gravitational field is
and ε a µ is the tetrad satisfying
with η ab the metric tensor in the Minkowski space. Thus we have
¿From (2) and (11), we have
It is then straightforward to find that the Lagrangian density (10) satisfies (4) provided that
Needless to say, scale invariant Lagrangians do not contain any dimensional parameters, which may be generated by the mechanism of spontaneous symmetry breaking 3 . Let us see what happens when we demand the theory be scale invariant locally, i.e., when Λ is a function of time and space. This means that we require that the forms of all equations in the theory remain the same even though we use different units of measurements at different space-time points.
Again, this does not mean that there is a change of the distance between two points-it is just being measured in different units at different space-time points. With the well-known arguments employed to deduce the existence of gauge fields, we find that all the theories above become locally scale invariant provided that there exists a vector meson S and we make in these Lagrangian the replacements
In the above, f is a coupling constant which is the counterpart of e in quantum electrodynamics.
As an example, with the replacement (14), the Lagrangian of (5) becomes
The Lagrangian density above satisfies (4) with
and
where Λ is a function of space and time. By (8) and (9), there is no need to alter the Lagrangian for a gauge meson. Thus gauge mesons do not couple with S.
Neither does a fermion, as the Lagrangian (10) is unchanged after the replacement (14) is made. The proof is straightforward but requires a little algebra so we will give the details below. We note that, as we make the replacement (14), the additional terms generated from
The expression above can be simplified into
Now
Thus the expression in (17) is equal to
Also, the term generated from ∂ µ Ψ is
Therefore, as we make the replacement (14), the terms generated from the Lagrangian (10) completely cancel one another. Thus we conclude that the fermion does not couple with S.
With identical arguments, we may prove that quarks and leptons in the standard model do not couple with S.
That the vector meson S does not couple to the electron avoids a difficulty which is distinct from the one raised by Einstein. As we know, the Hamiltonian of a non-relativistic electron in an electrostatic potential eA 0 is pBut the Lagrangian for a scalar field coupled to the S field, given by (15), is real, and the Hamiltonian for such a theory is hermitian. The Higgs meson, if it is found, will become the only known elementary particle, beside the graviton, which interacts with the S meson. If a Higgs meson is created in an experiment at a collider, it may emit an S meson which manifests its presence by carrying away energy and momentum. However, the value of f is unknown. It appears that this value also determines the mass of the S meson 3 . If the S mass is not exceedingly large, the value of f may be too small for this bremsstrahlung process to be observable.
Nuclei are formed as protons and neutrons attract one another with strong interactions. Solids or liquids are formed as electrons and nuclei have the electromagnetic interaction. Since the S meson has no such interactions, it cannot form the kinds of matter we see around us. Thus the S particles mostly move individually in space, with nothing to reveal their existence other than through the gravitational field they generate. On the other hand, unlike electrons and nucleons, S is a boson and does not satisfy the exclusion principle. As a result, there is no limit to how many S particles may occupy the same spatial point at the same time. Therefore, when the density of such particles become sufficiently high, it may be possible for them to form a condensation the behavior of which is different from those of ordinary matters. In particular, it is translucent to light and likely very heavy. If these condensates exist, there may be translucent stars formed by this matter, or semi-translucent stars which are mixtures of the translucent matter and ordinary matters. It is interesting to ponder ways to observe the S particles if they exist in space.
Finally, we comment on Einstein's objection to Weyl's theory on the ground that the existence of the S meson means that the length of a standard rod would depend on its history. Weyl continued to believe in 1955 that Einstein is incorrect 4 , and we concur with Weyl. The meaning of distance is the same whether the S meson exists or not. While the state of an electron does depend on its path, as in the Bohm-Aharonov experiment performed by Chamber 5 , this is consistent with the principle of quantum mechanics.
